This article proposes indirect methods to estimate dynamic forces that are transmitted by a fixed or free decoupler type hydraulic engine mount to a rigid base. First, the linear system transfer functions that relate the force transmitted to the top chamber pressure and excitation displacement are derived in the Laplace and frequency domains; these clearly identify the roles of rubber and hydraulic force paths up to 50 Hz. Since hydraulic mounts are inherently nonlinear, a quasi-linear model is developed that incorporates amplitudesensitive and spectrally-varying parameters such as top chamber compliance and rubber path properties (stiffness and damping).Alternate schemes based on a quasi-linear fluid system formulation work well as dynamic force spectra over a range of harmonic displacement excitations are successfully predicted given motion and/or pressure measurements; these compare well with measured forces over a range of frequencies and excitation amplitudes. In particular, the force to pressure transfer function model is quite promising. Conversely, the analogous mechanical system model fails as it yields highly inaccurate forces. The force time history is also briefly predicted by applying the Fourier expansion with an embedded quasi-linear fluid model with only the fundamental (excitation) frequency. © 2010 Institute of Noise Control Engineering.
INTRODUCTION
Minimization of dynamic forces that are transmitted to rigid, compliant foundations in machines, vehicles and buildings is an important design paradigm in vibration and structure-borne noise control. Yet, the interfacial forces are difficult to measure using direct methods under realistic conditions [1] [2] [3] . Therefore, indirect methods must be utilized to estimate dynamic forces and moments using the internal states or motions of the isolation paths, vibration sources and receiving structures [1] [2] [3] [4] [5] . Further, most vibration isolators and machinery mounts are inherently nonlinear [6] [7] [8] and consequently improved system identification models are needed to assess forces from motion and/or internal state measurements. This article discusses this particular issue with application to hydraulic engine mounts that exhibit spectrally-varying and amplitude-sensitive properties [8] [9] [10] . The dynamic characteristics of hydraulic engine mounts have been examined using fluid and mechanical system models 9, [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] . For instance, Singh et al. 11 analyzed the linear characteristics of both fixed and free decoupler mounts. Colgate et al. 12 examined the dynamic characteristics of hydraulic mount by employing equivalent linear models. Kim and Singh 13, 14 found the nonlinear properties of chamber compliances and fluid resistances. Tiwari et al. 15 refined these measurements and defined the nonlinear characteristics of inertia track resistances and upper and lower chamber compliances over a range of the static preloads. Adiguna et al. 16 studied the transient responses under step and saw tooth excitations. He and Singh 9, 17 compared the fluid and analogous mechanical system models and predicted the system responses in both time and frequency domains. Shangguan 20 determined the performance of an inertia track with variable area using an analogous mechanical system model. Christopherson and Jaza 21 introduced a direct decoupler type mount and investigated its nonlinear model by comparing it with a floating decoupler type mount. Lee and Singh 22, 23 have found superharmonics in the mount responses when excited harmonically and have suggested that vehicle system behavior would be nonlinear. Overall, none of the prior studies has examined the force measurement and related estimation issues which are the focus of this article.
PROBLEM FORMULATION
Figures 1 and 2 describe the experimental setup and hydraulic mount along with its fluid system in the context of non-resonant dynamic stiffness testing procedure under the ISO standard 10846 24 . Here, f m is the preload; x͑t͒ = x m + X sin o t is the excitation displacement; x m is the mean displacement; X is the excitation amplitude, but it is usually given in zero-to-peak 25 . In this test, the force transmitted to the rigid base f T ͑t͒ is measured under sinusoidal excitation, though a Fourier filter is utilized to retain only the fundamental frequency signal 25 . Additionally, we install a pressure transducer in the upper chamber (in our laboratory experiments) and measure the dynamic pressure Fig. 1 
f Tr ͑t͒ = c r ẋ͑t͒ + k r x͑t͒, ͑1b͒
f Th ͑t͒ = A r p u ͑t͒. ͑1c͒
F Tr ͑͒ = ͑ic r + k r ͒X͑͒, ͑2b͒
Here, f Tr ͑t͒ is the force from the rubber path via rubber (subscript r); f Th ͑t͒ is the force from the hydraulic path (subscript h); k r and c r are the rubber stiffness and damping (using the Voight model), respectively; and A r is the effective rubber (piston) area. Initially we assume a linear time-invariant system with nominal parameters, and thus only the sinusoidal responses at o are considered in Eqns. (2a)-(2c). First, we present some initial results to illustrate the nature of the problem. Consider a free decoupler mount (refer to Refs. 11 and 14-16 for a detailed description) under steady state sinusoidal excitation. Let us assume that we have both x͑t͒ and p u ͑t͒ signals under certain dynamic test conditions, and thus the measured x͑t͒ and p u ͑t͒ data set could be employed to estimate f T ͑t͒ and F T ͑͒ by using Eqns. (1a)-(1c) and (2a)-(2c). Fig.  3 compares the time domain results at 8.5 Hz for this particular mount given the nominal parameters of Table 1 . Discrepancies between the prediction and the measurement are seen. Fig. 4 compares measured and estimated F T ͑͒ for a low excitation level up to 50 Hz. Again we observe significant differences between the measured and estimated F T ͑͒. Therefore, the force estimation method as given by Eqns. (1a)-(1c) and (2a)-(2c) must include the effective properties of the mounts and, in particular, their frequency o and excitation amplitude X dependent properties for both rubber and hydraulic paths.
The current study will examine the hydraulic mount alone, with fixed or free decoupler design. Predictions of f T ͑t͒ and F T ͑ , X͒ will be based on fluid and analogous mechanical system models, and the results will be correlated with measured force signals from the elastomer test machine. Only the steady state vertical displacements up to 50 Hz over a range of X from 0.15 to 1.5 mm (zero-to-peak) will be considered. This range of X corresponds to typical engine excitations. The specific objectives of this article are as follows: (1) determine the linear system transfer functions that relate F T to X and P u in the Laplace and frequency domains for both rubber and hydraulic force paths, and predict f T ͑t͒ using x͑t͒ and/or p u ͑t͒; (2) estimate the effective (frequency and amplitude dependent) mount parameters, and embed them in quasi-linear models. All mount nonlinearities will be lumped into upper chamber compliance C ue ͑ , X͒, rubber stiffness k r ͑ , X͒, and damping c r ͑ , X͒ properties; (3) estimate force f T ͑t͒ in the time domain by using the quasi-linear model and the Fourier expansion method, and compare sinusoidal force predictions with measurements. This study will consider only the fundamental harmonic ͑ o ͒, like the dynamic stiffness measurements employed by the non-resonant elastomer test machines 25 .
The quasi-linear model with effective C ue ͑ , X͒, k re ͑ , X͒ and c re ͑ , X͒ will be employed for such calculations.
FLUID SYSTEM MODEL: LINEAR SYSTEM ANALYSIS

Transfer Functions Relating Pressure and Displacement
A lumped model of the fluid system could be developed as illustrated in Figs. 1 and 2 based on the following assumptions: (1) the underlying system is a linear time-invariant and assigned with nominal fluid system parameters; (2) the mount is connected to a rigid base, and the top end is excited by the steady state sinusoidal displacement x͑t͒ under a mean load; (3) the force transmitted to the rigid base consists of two path forces. The momentum and continuity equations lead to the following governing equations and fluid parameters; they are well described in the literature 11, [13] [14] [15] [16] [17] 22, 23 .
Here 
F Th ͑s͒ = A r P u ͑s͒, ͑4c͒
Note that F Tr ͑s͒ and F Th ͑s͒ in Eqns. (4b) and (4c) are the dynamic forces tranmitted by the rubber and hydraulic paths, respectively. Prior literature 9, 11, [14] [15] [16] 22 has primarily focused on the dynamic stiffness formulation. We extend this concept further and examine other transfter functions. First consider the fixed decoupler mount. From Eqns. (4a)-(4g), the relationship between P u ͑s͒ and X͑s͒ is derived by assuming that I d = 0 and R d → ϱ:
Next consider the free decoupler mount and assume that I d Ϸ 0 below 50 Hz. Resulting transfer function is as follows:
Both transfer functions (now designated by G͑s͒), Eqns. (5a) and (5b), could be converted into a standard form as shown below:
Here, 1 and 2 are the damping ratios, and N1 and N2 are the natural frequencies of the numerator (zero of G͑s͒) and denominator (pole of G͑s͒). They are related to the fluid parameters for fixed and free decoupler mounts in Table 2 . Note that the standard parameters are slightly different from the one reported previously since the previous study included the assumption that
. However, the current study does not include this assumption since the system might be affected by a variety of ranges of C u while the quasilinear model is applied with the effective value of C u . 
Dimensionless Formulations
where K ͑s͒ is the dimensionless cross point dynamic stiffness. In our work, we select the reference values, k rref = 2.0ϫ 10 5 N/m, A r = 4.5ϫ 10 −3 m 2 , but X ref ͑ ϫ 10 −3 m͒ is chosen according to the excitation amplitude used in experiments. By using Eqns. (6) and (7a)-(7d), we obtain the dimensionless Ḡ ͑s͒ as follows, where ␥ h is the dimensionless static compliance resulting from the elastic containers of upper and lower chambers.
Further the dynamic stiffness K ͑s͒ and its rubber ͑K r ͒ and hydraulic ͑K h ͒ components are described using Eqns. (7d), (8a), and (8b). 
Here, r is the time constant of the rubber path (modeled using the Voight model), and ␥ r is the dimensionless static stiffness. From the relationship between Eqns. (8a) and (9a), relate dynamic force and upper chamber pressure as follows.
Note that H r ͑s͒ and H h ͑s͒ represent the rubber and hydraulic path transmissibilities as they relate the force transmitted (to the rigid base) to the interfacial force (inside the fluid system).
Typical Frequency Responses Based on Nominal Parameters
When the hydraulic mount is harmonically excited under steady state condition, the Laplace transfer functions can be converted to the frequency response functions by changing the variable s with j where j is the imaginary unit. Figures 5-8 Tables 1 and 2 . Natural frequencies are identified here: Figure 6 shows that hydraulic path magnitudes and loss angles are much higher than those from the rubber path forces (magnitudes are nearly constant, and the loss angles change linearly with the frequency). On the other hand, Fig. 7 shows that the rubber path forces, in terms of H r ͑͒, exhibit significant changes below 30 Hz. Overall, these curves suggest that the dynamic force transmitted is controlled by the hydraulic path. This could be confirmed by examining Eqns. (10b) include fluid parameters in terms of 1 , 2 , N1 , and N2 (as described in Table 2 ). However, Eqns. (9b) and (10c) contain only the rubber path parameters, and these are nearly frequency-invariant. Figure 8 illustrates the contributions of F Tr ͑͒ and F Th ͑͒ in terms of K r ͑͒ ͑H r ͑͒͒ and K h ͑͒ ͑H h ͑͒͒. The comparisons show that the hydraulic path, below 30 Hz, affects the dynamic force F T ͑͒ more than the rubber path. However, the loss angle from the rubber path becomes more dominant beyond 30 Hz. These features also could be assessed by comparing K r ͑͒ and H r ͑͒ with K h ͑͒ and H h ͑͒ in Figs. 6 and 7.
SPECTRALLY-VARYING AND AMPLITUDE-SENSITIVE PROPERITIES
Effective Upper Chamber Compliance
The transfer functions of Sec. 3 are given for a linear system, but the hydraulic mount is a nonlinear device [13] [14] [15] [16] [17] 22, 23 . Thus, we must develop a quasi-linear model that would include effective properties. We assume that the upper chamber pressure is most affected by the nonlinear phenomena, and thus, all nonlinearities are lumped into the effective upper chamber compliance C ue ͑ , X͒. The definition of C un (compliance under nominal conditions for a linear device) is now changed, and the term C ue ͑ , X͒ is now a complex value parameter that includes both amplitude-sensitive stiffness and damping properties at any frequency. Define it using the empirical u ͑ = ␣ + i␤͒ as follows, where the coefficients ␣ and ␤ would be determined from measurements:
Then, C u term of Eqn. (5a) for the fixed decoupler is replaced by C ue to determine ␣ and ␤ as a function of and X. First, the measured P uM ͑ , X͒ dataset is defined (under sinudodal exciation) in terms of magitude P uM and its phase M as:
Then, Eqn. (5a) is expressed in the frequency domain as follows:
͑13͒
Thus, the coefficients ␣ and ␤ are estimated by substituing Eqns. (11) and (12a)-(12c) into Eqn. (13) . These 
Procedures Used to Find u " , X… CurveFits
By using the equations of Sec. 4.1 and measured P uM ͑ , X͒, we can calculate u ͑ , X͒ values. This discrete data set is curve-fit using piecewise polynomial functions and smoothened using hyper-tangent functions 27 , as described next, in order to obtain continuous functions of the frequency for modeling purposes. Sample results are first illustrated in Fig. 9 , where three frequency regimes are shown along with their smoothening functions. Although only one example of the magnitude and phase curves is shown in Fig. 9 , the entire range of u ͑ , X͒ dependent upon X should be considered. Steps are described below.
First, the magnitude and phase of u ͑ , X͒ are grouped in three frequency regimes. A linear function is assumed to curve-fit below ⍀ 1 ͑ = 2.5 Hz͒; a 6 th order polynomial function is chosen to define the curves between ⍀ 1 and ⍀ 2 ͑ = 22.5 Hz͒; and, a 4 th order polynomial function is utilized above ⍀ 2 as illustrated in Fig. 9 .
Second, each polynomial function is multiplied by the relevant smoothening functions (⌫ ⍀1 ͑͒, ⌫ ⍀2 ͑͒ and ⌫ ⍀3 ͑͒). The product of the smoothening function and the polynomial function yields the continuous u ͑ , X͒. Third, when ͉ u ͑ , X͉͒ is estimated in the frequency domain, it is on the log e scale since the frequency responses of ͉F T ͑ , X͉͒ are sensitive to a variation in ͉ u ͑ , X͉͒. The following expressions describe the polynomial functions, v ͑͒ ͑v =1−3͒, of ͉ u ͑ , X͉͒ for three frequency regimes and their smoothening functions ⌫ ⍀v ͑͒. These are functions of ⍀ ͑ = /2 ,Hz͒.
The following smoothening factors v ͑v =1−3͒ are selected: 1 =1ϫ 10 6 ; 2 =1ϫ 10 6 ; and 3 =1. By applying this method, the entire set of coefficients (at each X) is estimated. Therefore, ͉ u ͑ , X͉͒ is described in a continuous manner in terms of and X. The phase of u ͑ , X͒ is also described in the same way. In order to determine the values of ͉ u ͑ , X͉͒, the estimates are calibrated in terms of an exponential function since the empirical values of ͉ u ͑ , X͉͒ are curve-fit on a log e scale. Therefore, the procedure to determine a continuous ͉ u ͑ , X͉͒ is summarized as follows:
Here, 1e ͑ , X͒ is log e ͉ u ͑ , X͉͒, ⍀v ͑ , X͒ ͑v =1−3͒ is the smoothened function of Xv ͑ , X͒ ͑v =1−3͒, Xv ͑ , X͒ ͑v =1−3͒ is the polynomial function over relevant frequency range with coefficient functions a v ͑X͒ ͑v =1−3͒, b v ͑X͒ ͑v =1−6͒, and c v ͑X͒ ͑v =1−4͒ as described by Eqns. (15a)-(15d) . The smoothening functions ⌫ ⍀v ͑͒ ͑v =1−3͒ are given by Eqns. (14d)-(14f) .
The phase of u ͑ , X͒ is also determined as follows:
Here, 1e ͑ , X͒ is the phase of u ͑ , X͒, ⌫ ⍀v ͑ , X͒ ͑v =1−3͒ is the smoothened function of Xv ͑ , X͒ ͑v =1 −3͒, Xv ͑ , X͒ ͑v =1−3͒ is the polynomial function for relevant frequency range with coefficient functions a v ͑X͒ ͑v =1−3͒, b v ͑X͒ ͑v =1−6͒, and c v ͑X͒ ͑v =1 −4͒. The coefficients are also calculated using the method described by Eqns. (15a)-(15d).
Effective Rubber Path Properties
The linear system study of Sec. 3 has suggested the importance of both force paths, and therefore, we define effective rubber path properties as C ue ͑ , X͒. The effective stiffness k re ͑ , X͒ is defined as k rn kr ͑ , X͒, and c re ͑ , X͒ as c rn cr ͑ , X͒ where k rn and c rn are the nominal (linear system) values of k r and c r , respectively. kr ͑ , X͒ and cr ͑ , X͒ are spectrallyvarying and amplitude-sensitive parameters for k r and c r , respectively 10 . Figure 10 shows the measured dynamic stiffness data from the rubber mount test with X = 0.15 mm; this test is done when fluid is drained from the hydraulic mount. Thus, this represents the combined effect of the elastomeric parts within the mount. The methods of Sec. 4.2 are applied to obtain the continuous curve-fit schemes of kr ͑ , X͒ and cr ͑ , X͒. This issue will be further investigated in a companion article 26 .
DYNAMIC FORCE ESTIMATION USING QUASI-LINEAR SYSTEM MODELS
The quasi-linear models with effective parameters in terms of u ͑ , X͒, kr ͑ , X͒, and cr ͑ , X͒ will be employed next to estimate F T ͑ , X͒ in the frequency domain by using Eqns. (2a)-(2c), (9a)-(9e), and (10a)-(10c). Also, alternate force estimation methods will be compared. Table 1 . As illustrated in Fig. 11 , relationship between x͑t͒, x ie ͑t͒ and f T ͑t͒ is derived as follows:
Analogous Mechanical System Model
where effective velocity of inertia track fluid is given by ẋ ie ͑t͒ = q i ͑t͒ / A r . By taking the Laplace transform for both Eqns. (18) and (19) , the transfer function of the hydraulic path, F Ah ͑s͒ / X͑s͒ = N͑s͒ is derived as follows:
F Ar X ͑s͒ = ͑c r s + k r ͒, ͑21b͒
Also, the dimensionless dynamic stiffness K A ͑s͒ is acquired by employing Eqns. (7a)-(7d) as follows:
where F Ar ͑s͒ / X ͑s͒ formulation is the same as Eqn. (9a) and (9b). However, it differs from Eqn. (8a) as shown in Eqn. (22c).
Alternate Transfer Function Schemes
Alternate transfer function schemes, from Eqns. (2a)-(2c), (9a)-(9c), (10a)-(10c) , and (22a)-(22c), could be considered along with quasi-linear model of Sec. 4. Table 3 lists alternate schemes (and their designations) as well as the type of measured data such as X͑͒ and/or P u ͑ , X͒. Note that Schemes I, II, III, and IV are based on Eqn. (2a)-(2c), (9a)-(9c), (10a)-(10c) , and (22a)-(22c) respectively whereas Scheme I is the simplest estimation of F T ͑ , X͒ with Eqn. (2a)-(2c) . In particular, Scheme III illustrates the direct relationship between F T ͑ , X͒ and P u ͑ , X͒ and Scheme IV employs the mechanical system parameters. The proposed schemes can incorporate spectrally-varying Fig. 12 , via the block diagrams in Laplace domain including the sub-blocks that dictate K ͑s͒, H ͑s͒, and K A ͑s͒. Therefore, the steady state responses are examined by changing the s term to j. Scheme I of Fig. 12 (a) and Table  3 is the simplest case though it needs both X and P u measurements. By comparing the alternate schemes, the merits of each method could be considered in terms of the number of sensors needed and main transfer function such as K ͑s͒ or H ͑s͒.
Estimation of F T " , X… by Using QuasiLinear Model
Figures 13 and 14 compare the results of both linear and quasi-linear models with experiment. Observe that the estimated dimensionless force is nearly equal to 2 when → 0 since the contribution of the hydraulic path is negligible at very low frequencies. This is analytically confirmed the term F Tr ͑ Ϸ 0͒ = ␥ r ͑1+ r s͒X results in ␥ r ͑ = k re ͑0;X͒ / k rref ͒ = 2 with kr ͑0;X͒ and nominal parameters.
Schemes I and II successfully predict the dynamic force transmitted to a rigid base. Schemes III also shows good correlation except at X = 0.15 mm. Note that the dimensionless F T ͑ , X͒ estimate in fact the stiffness K ͑ , X͒ estimation. Overall, the linear model predicts the tendency of force well, but not the precise magnitude and phase.
Error Committed by Mechanical Model
Specifically the linear analysis of Fig. 14(a) shows a significant deviation from the experiment. Scheme IV (based on mechanical model) fails to predict the forces as all magnitude and phase values are almost constant in Figs. 13 and 14. This is investigated in Fig. 15 that compares hydraulic and rubber path forces. The error committed by scheme IV is investigated as follows where the subscript A implies the analogous mechanical model: Next, replace s with j to yield the following:
Now we consider three cases with respect to N1 ; values are 1.62 and 1.9 Hz for the fixed and free decoupler mounts, respectively. Consider the limiting case close to the zero frequency where r 1 → 0:
When r 1 = 1, we get:
where 2 Ϸ 11.53°(13.40°) for the fixed (free) decoupler mount by using the nominal values of 1 and N1 as described in Sec. 3. Finally consider the case when r 1 greater than 1:
For each case as described by Eqns. (26a)-(26d), (27a)-(27c), and (28a)-(28c), the error ͉ 2 ͉͑͒ is almost 100% over the entire range of frequencies. This confirms the chief weakness of analogous mechanical models though they have utilized 28 .
Contribution of Rubber and Hydraulic
Paths to the Total Force F T " , X… Figure 16 compares F T ͑ , X͒ estimates based on schemes III-A, B, and C for fixed and free decoupler mounts. The results show that estimates depend upon the contribution of rubber and hydraulic paths. Scheme III-A fails to capture the precise magnitude and phase. Scheme III-B shows moderate results even though the rubber path force is estimated with a quasi-linear model. Scheme III-C yields the most precise predictions when the quasi-linear models for both paths are concurrently applied. Figure 17 compares the rubber and hydraulic path forces with Scheme II with X = 1.5 mm. As shown in Figs. 17(a) and 17(b), F T ͑ , X͒ is quite sensitive to the rubber path though rubber path forces are almost constant when compared with the hydraulic path forces.
DYNAMIC FORCE ESTIMATION IN TIME DOMAIN
Based upon the frequency domain results, f T ͑t͒ could be estimated in time domain by employing the following assumptions: (1) Only the steady state response is of interest under the sinusoidal displacement x͑t͒ excitation; and (2) only the mean (preload f m ) and fundamental frequency terms are considered in the Fourier expansion. As illustrated previously, the dynamic stiffness K ͑͒ or force transmissibility H ͑͒ could be estimated by employing kr ͑ , X͒, cr ͑ , X͒, and u ͑ , X͒ in the quasi-linear model. Therefore, the Fourier expansion is applied by embedding K ͑͒ or H ͑͒ as quasi-linear parameters with input X or P u respectively as shown below where o is the fundamental frequency:
The 1 and 2 terms are used for finding the f T ͑t͒ history in force units (N) as the estimation yields the normalized values. Further, f T-SchemeII ͑t͒ and f T-SchemeIII ͑t͒ are the force estimations from Scheme II-C and III-C respectively. Figure 18 compares the time histories as predicted by Eqns. (29a), (29b), (30a), and (30b) with measured forces for the free decoupler mount at 0 /2 = 8.5 Hz and X = 1.5 mm. This result is a significant improvement over the previous formulation as illustrated in Fig. 3 . When the quasi-linear models for both rubber and hydraulic force paths are employed, the estimation of f T ͑t͒ matches well with measured force specifically in terms of its amplitude. The discrepancies between the experiment and the proposed models are primarily due to the super-harmonic terms, which are not included in the current study. A future article will address this issue further with focus on the super-harmonic responses.
CONCLUSION
This article has proposed indirect methods to estimate dynamic forces that are transmitted to a rigid base by a fixed or free hydraulic mount. Specific contri- butions of this article include the following. First, alternate transfer function formulations are derived for a linear system that relate sinusoidal motion x͑t͒ and/or chamber pressure p u ͑t͒ to harmonic forces through rubber and hydraulic paths. In particular, the derivation of force to pressure transfer function is very promising as it permits an estimation of forces only by pressure measurements. Second, the effect of mount nonlinearities on forces is quantified only in terms of top chamber compliance and rubber path properties, unlike prior methods that need extensive models 9, [13] [14] [15] [16] . This leads to a quasi-linear model with amplitude-sensitive and spectrally-varying parameters such as C ue ͑ , X͒, k r ͑ , X͒ and c r ͑ , X͒. Since the hydraulic force path has been successfully characterized only by C ue ͑ , X͒, other hydraulic path nonlinearities such as inertia track resistance, bottom chamber compliance and decoupler flow resistance could be ignored and thus simpler force estimation schemes could be developed. Nevertheless, the rubber path of the nonlinearities must be included as well in order to accurately estimate F T ͑ , X͒. Third, the forces transmitted to a rigid base under harmonic displacement excitation are successfully predicted and compared with measured forces; all schemes (with a quasi-linear formulation) work well except the mechanical system model (Scheme IV) that provides almost 100% error in forces.
This article has focused on frequency domain analyses though limited results in time domain are also presented. The force time history f T ͑t͒ is predicted by applying the Fourier expansion with an embedded quasi-linear model with only the fundamental (excitation) frequency. However, force estimation methods (especially in time domain) need to include multiharmonic response terms which are observed in measurements (Figs. 3 and 18 ). As part of ongoing work, the super-harmonic responses are being investi- gated and they will be incorporated in order to better estimate the force time histories 26 .
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